denote the set of all points z ∈ M such that D(z) is tangent to M at z. We prove that if D is not involutive at every point of M then τ (M, D) has no superdensity points.
Introduction
Let us consider a C 1 distribution of rank n on an open set U ⊂ Ê n+m , that is a map D assigning an n-dimensional vector subspace D(z) of Ê n+m to each point z ∈ U and satisfying the following property: If z ∈ U then there exists a family {X Observe that, for all j = 1, . . . , m and i = 1, . . . , n, the function
is identically zero (in that X (z) 
whenever z ′ ∈ V (z) , for all j = 1, . . . , m and i, k = 1, . . . , n. It follows that D is involutive at z ′ ∈ V of M with respect to D (see [3] ).
In general, if no restriction about involutivity is assumed on D, the Frobenius theorem cannot be applied and it is natural to look at the number
where dim H denotes the Hausdorff dimension and M n C σ (U) is the family of n-dimensional submanifolds of U of class C σ . We note that ρ C σ (D) increases as the regularity σ "decreases", e.g., ρ C 2 (D) ≤ ρ C 1 (D), but such an obvious observation is too vague to be useful. Far more significant is the upper bound for ρ C 2 (D) provided in [3, Theorem 1.3] (see also [8] for an alternative proof, based on the implicit function theorem). An interesting example is provided by the horizontal subbundle HÀ k of the tangent bundle T À k to the Heisenberg group À k , that is the distribution of rank 2k on Ê 2k+1 defined as
where e 1 , . . . , e 2k+1 denotes the standard basis of Ê 2k+1 . In this case one can assume
Since e 1 − z k+1 e 2k+1 , e k+1 + z 1 e 2k+1 ∈ HÀ k (z) and (dθ (1) ) z (e 1 − z k+1 e 2k+1 , e k+1 + z 1 e 2k+1 ) = 2dz 1 ∧ dz k+1 (e 1 , e k+1 ) = 2 for all z ∈ Ê 2k+1 , one has N HÀ k = Ê 2k+1 . The result [3, Theorem 1.3 ] is used in [3, Example 6.5] to prove the following estimate for the Hausdorff dimension of the characteristic set Further related work on stratified groups can be found in [11, 12] .
The size of the tangency set τ (M, D) for M ∈ M n C 1 (U) has been investigated in [3] in the case when z = (z 1 , . . . , z n+m ) → D(z) is translation-invariant with respect to the last m variables, i.e., D(z) does not depend on (z n+1 , . . . , z n+m ). In this special situation, including HÀ k , it turns out that the following facts hold [3, Proposition 8.2]:
In particular, one has ρ C 1,1 (HÀ k ) = 2k and for all z 0 ∈ Ê 2k+1 there exists a surface
So it can happen to bump into tangency sets τ (M, D) of positive H n measure (even with M ⊂ N D ) and indeed we are inclined to think that the second fact above can be proved for any C 1 distribution of rank n, at least in the following weaker form:
In this paper we shall prove that a tangency set can never be too dense at the points of N D , even when it has positive measure. To understand exactly what this means, we recall first of all that z 0 ∈ M, with M ∈ M n C 1 (U), is said to be a superdensity point of
(as r → 0+) where B M (z 0 , r) ⊂ M denotes the metric ball of radius r centered at z 0 , compare Section 2 below. We are finally able to state precisely our main result and its corollaries (where it is assumed, without loss of generality, that the differential 1-forms θ (j) describing D are defined in U): Theorem 1.1. Let M be an n-dimensional regularly embedded C 1 submanifold of U and assume that one between conditions (I) and (II) below is satisfied:
and let M be locally of class C 2 at z 0 .
The following corollary follows trivially from Theorem 1.1.
Corollary 1.1. Let M be an n-dimensional regularly embedded C 1 submanifold of U and let z 0 be a point of density of τ (M, D) (hence z 0 ∈ τ (M, D), by Remark 5.1). Moreover assume D is not involutive at z 0 , namely there is j 0 ∈ {1, . . . , m} such that
(2) The submanifold M is not locally of class C 2 at z 0 .
Observe that the first statement of Corollary 1.1 can be rephrased as follows.
has no superdensity points.
In particular, as a consequence of Theorem 1.2 and the remarks above, it turns out that τ (M, HÀ k ) has no superdensity points, whatever
Finally, let us spend a few words on how the paper is organized. In Section 2 we introduce the notation. In Section 3 we have collected some expected results, including the densitypreserving property of C 1 embeddings and the description of the tangent space to an arbitrary set at a point of density. Section 4 is actually the main one, where we prove the hardest part of Theorem 1.1 in the case when M is the image of an injective immersion of class C 1 . Eventually, Section 5 provides the proof of Theorem 1.1 in its whole generality.
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General notation
The standard basis of Ê n+m is denoted by e 1 , . . . , e n+m . We will often have to deal with maps from Ê n to Ê m and with their graphs. Due to this fact and other technical reasons, we distinguish the notation relative to the first n coordinates from the notation relative to the last m coordinates: they are denoted by x = (x 1 , . . . , x n ) and y = (y 1 , . . . , y m ), respectively. We may write Ê n x in place of Ê n and Ê m y in place of Ê m . As one expects, the dual basis of e 1 , . . . , e n+m is indicated with dx 1 , . . . , dx n , dy 1 , . . . , dy m .
Also we need the trivial isomorphism
* mapping every e i to its corresponding member in the dual basis, i.e.,
The open ball in Ê n centered at p with radius r > 0 will be denoted by B(p, r). Let M be an n-dimensional regularly embedded C 1 submanifold of Ê n+m and z 0 ∈ M. Let δ M be the distance defined on each connected component of M by taking the infimum of the length over the joining paths (compare [4, Section 1.6]) and, for r > 0, let us define
is the connected component of M containing z 0 . The tangent space to M at z 0 is denoted by T z 0 M. According to [3] , we also define the tangent space Tan p 0 (E) to an arbitrary set E ⊂ Ê h at p 0 ∈ E as the vector space spanned by
Let us now recall a way to define a Consider a family of m linearly independent differential 1-forms of class
be the set of vectors in Ê n+m solving the so-called Pfaffian system of equations
where
Consider an open set A ⊂ Ê n , ϕ ∈ C 1 (A, Ê n+m ) and let ω be a differential form of class
The Lebesgue outer measure on Ê n and the n-dimensional Hausdorff outer measure on Ê n+m will be denoted by L n and H n , respectively. A point p ∈ Ê n is said to be a
The set of all these points p is denoted by E (n+1) . One has the following result which generalizes the Schwarz theorem about the equality of cross derivatives, compare [6, 7] . Recall that e 1 , . . . , e n is a basis of X. The following result holds.
Proof. We first prove that
Hence
for all i = 1, . . . , n. This yields u = 0 and concludes the proof of (3. 
Analogously, possibly taking a larger C, we can find a closed proper ball B ′ ⊂ Ω centered at Φ(a 0 ) such that
The inequalities (3.2) and (3. provided r is small enough.
Proof. Consider the field of inner products
and recall [10, 3.2.46 ]. In particular:
• There exist orthonormal base vectors ε 1 , . . . , ε n of Ê n (i.e., with respect to the canonical Euclidean scalar product) such that
for all a ∈ B(a 0 , r), provided r is small enough.
Since L is nonsingular, one has ν := min
for all a ∈ B(a 0 , r), provided r is small enough. The conclusion follows by taking C > 0 satisfying C ≥ 2 L and 1/C ≤ ν/2. 
Proof. Let z 0 := ϕ(a 0 ). Then from Proposition 3.2 we obtain
and
provided r is small enough. Hence, by the area formula [10, Theorem 3.2.3]
provided r is small enough, where J n ϕ denotes the n-dimensional Jacobian of ϕ, i.e.,
Since ϕ is an (injective) immersion of class C 1 , there exists ν ≥ 1 such that
provided r is small enough. Hence the conclusion follows immediately. 
Proof. Let u ∈ Ë n−1 and consider the open semi-cones
We can prove that
for all positive integer i, by reductio ad absurdum. Indeed, if this property does not hold then a positive integer i 0 has to exist such that
for all r ∈ (0, 1/i 0 ], which yields (since p 0 is a point of density of D) the following absurd identity
Now, from (3.7) it follows that for each i there exists p i ∈ V i ∩ D such that 0 < |p i − p 0 | < 1/i. It follows that p i → p 0 (as i → +∞) and
The conclusion follows from the arbitrariness of u ∈ Ë n−1 
by assumption. From Proposition 3.3, with E := D and k := n, we obtain that a 0 := ϕ −1 (z 0 ) ∈ A is a point of density of D. Hence Tan a 0 (D) = Ê n , by Proposition 3.4. Finally
£ From Proposition 3.4 we get also the following simple result related to Theorem 2.1.
where Ω is an open subset of Ê n . If p 0 ∈ Ω is a point of density of K := {p ∈ Ω : Df (p) = F (p)}, then one has p 0 ∈ K and DF (p 0 ) coincides with the Hessian of f at p 0 . In particular (DF (p 0 )) t = DF (p 0 ).
Proof. One has p 0 ∈ K in that K is closed relatively to Ω and p 0 ∈ Ω.
Let u k be the k-th element of the standard basis of Ê n . Then, by Proposition 3.4, there are
By the differentiability of F h and D h f at p 0 , one has also 
then one has
Proof. Let x ∈ Ω. Then:
for all h = 1, . . . , n, hence
It follows that
for all x 0 ∈ Ω ∩ H (n+1) , by Theorem 2.1.
• If · ; · denotes the standard inner product in
for all h, k = 1, . . . , n. 
. Then let D be the C 1 distribution of rank n on U determined by the Pfaffian system of equations
compare Section 2.
Define the vector fields (j = 1, . . . , m)
n+m ) t and the matrix fields
Moreover let A be an open subset of Ê n and let
The following very simple fact holds.
Proof. Recall that, for all a ∈ A, one has
Hence a ∈ K if and only if
The conclusion follows trivially.
, where K is the set defined in (4.3). Then a 0 ∈ K and
Proof. One has a 0 ∈ K in that K is closed relatively to A and a 0 ∈ A. Without loss of generality, we can assume that
hence there exists an open neighborhood V of a 0 ∈ Ê n such that
is a diffeomorphism of class C 1 . It follows that ϕ(V ) is the graph of the C 1 -function
by Proposition 4.1. It follows that (with the notation of Section 3.1)
Then (by replacing V with a smaller neighborhood of a 0 , if need be) we can assume that
for all a ∈ V , by Proposition 3.1 and (2.1), which is equivalent to
for all a ∈ V . This proves that the matrix N(ϕ(a)) is invertible, for all a ∈ V . Thus there must be an open subset
Now let z ∈ U ′ . Then one has α hj (z)θ
Observe that all the functions z → α hj (z) and z → β ij (z) are in C 1 (U ′ ). Hence, in particular, the differential 1-forms
Now on, without loss of generality, we can suppose that
By recalling (4.5), we find
Moreover, for all x ∈ Ω, one has
where β denotes the matrix whose (i, j)-entry is β ij , i.e., β := −M × N −1 . In particular, in the special case when D is translation-invariant along Ê m y , namely if the coefficients a 
Compare [3, Proposition 8.2] . We observe that if one is interested only in an n-dimensional regularly embedded submanifold of U of class C 1 satisfying (4.12), this can be obtained also from [1, Theorem 1]. The following example for n = 2k and m = 1 has been considered in [2] in connection with characteristic sets, in the context of the Heisenberg group:
In this case the matrix field N has a single entry identically equal to −1. Then N(z) is obviously invertible for all z ∈ Ê 2k+1 , so we can choose U ′ = Ê 2k+1 and a trivial computation shows that ω (1) = θ (1) .
Remark 4.2. In the special case when ϕ is of class C 2 , even under the weaker assumption that a 0 ∈ A is merely a point of density of K, we can provide the following two much simpler proofs of Theorem 4.2:
• (First proof ) Observe that the differential 1-forms ϕ * θ (j) are of class C 1 in A and that
Since a 0 is a point of density of K, then a 0 is a point of density of K j for all j = 1, . . . , m. Recalling the property in Remark 3.1 (with Ω := A, f := 0, ω := ϕ * θ (j) ) we conclude that
for all j = 1, . . . , m.
• (Second proof ) Since a 0 is a point of density of K then Tan We can finally prove our main result, namely Theorem 1.1, as a corollary of Theorem 4.2 and Proposition 3.3. We recall its statement, for the reader's convenience.
Theorem. Let M be an n-dimensional regularly embedded C 1 submanifold of U and assume that one between conditions (I) and (II) below is satisfied:
(I) Let z 0 ∈ M be a superdensity point of τ (M, D), i.e., 
